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Purdy’s generalization of Griinbaum’s gap conjecture is roved for all arrangements w&h a 
sufficiently high maximum number of concurrent lines. We also improve Purdy’s bounds for the 
general theorem and establish two lower bounds for h(A) for all arrangements. 
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e following lemma is immediate from 
remhksn-1, 
$n-k+l>m. 
nma 1, we have: 
1) > kjn - k + 1) + $(k - l)(k - 2). 
n2-(1+2k)n+k(k+l)>m:!-3m+2, 
Or 
(n - k)(n - k - 1) > (m - l)(m - 2). 
is last inequality implies n -k>m-1, orn-k+l>m. 0 
. Srrppose ak+l. Thm 
f,zk(n-k+l)+(k~‘)+f+(k+l)(n-k), 
ce 
+2kek(n-k+l)+ 3 (k + l)(n - k), 
) is trivially e for nS(k;lh 
to 
be 
t2 = F + 3 + if4 + 2ts + 3t, + 0 l l , (3) 
where F is nonnegative. (1) is an im iate consequence of Euler’s t 
ts incidences of lines, a 




Eliminating t2 from (1) and (2) by means of (3) gives: 
i=3 
an 
0 n 2 = 3 + 2 $(i + 3)(1- 2)ti + F. 
i=3 
ultiplying this last expression by /(m + 3) and subtracting from t 
fZ(A)=2n2;T;4m+bF+ 
i=3 
at b and the ci are all nonnegative, these te s are discarded an 
resulting inequality is: 
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r’s lower bound (tz 2 $2) 
ult. 0 
ay use the inequalities above to 
ere is an that, for all n > A?, 
ro 
nction of m, so any w, which satisfies the 
. So, without loss of 
fter making the substitution and simplifying, 
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Table 1 
k n0 fi+ 
3 8 7 
? 12 12 
5 17 17’.62+ 
6 23 24.19+ 
7 30 31.73+ 
8 38 40.26+ 
sine n+ urn root of Q, we have: 
=k$=-6k2-16k+25. 
to estimate II+, we bounds for D. 
For k 33 8, satisfies 
(p - 3)2 -* = 16(k - 1) an _(p__4)“=2p._ Zk + 8. Noting that 
&e quantity 2R2 - 16k + 9 > 0 for k 3 8 completes the proof. Cl 
. Fo~ka8, 
&kZ -I” 2!k + 0.5) c n+ < t(k2 + 2k + 1). 
Use the estimate for 
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bound on t2 would yield a better estimste than (5). It has been conjectured that 
t2 3 [in] (see [2]). er, the use of l2 I 2 =- [In] in Theorem 3 gi 
ality which is still weaker than (4) for m > 
at (4) might imply t2 2 [in] for arrangements 
of the theoren- .s in this article are vali if the arrangements considered are 
arrangements of pseudo1 es instead of arr ments of lines (see [3, Section 31 
for the relevant de 
thin the limitations of eorem 6 we know that the v of h(A) are 
k + 1) + (“; ‘) for suitable k. ever it is not 
clear that all values in this range are achieved. Suppose n, rn and f are positive 
integers atisfying, 
m(n-m+l)sf an(n-m+l)+ .;, . ( ) 
natural question is: 
s there an arrangement A of n lines with m the maximum number of 
concurrent lines such that h(A) = f? 
r relatively large values of m, the answer is yes. It is not quite so clear for other 
cases, however. For n = 7, rn = 3, f = 15 the answer is no. In fact, for m = 3, the 
roblem appears to be a variant of the orchard problem and is probably hard, see 
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